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This paper presents an efficient method of smoothing steady-state,
dissipative hyperbolic systems with one spatial dimension. The
observations are from point sensors placed on the system. We
show that under realistic stability conditions there exists a family
of finite-dimensional acausal linear systems that characterize the
frequency domain behavior of the hyperbolic system. Using this :
characterization, we develop a smoothing algorithm that is recur- D
sive with respect to the sensors, resulting in a significant decrease P2
in computational complexity relative to other methods. We illus- : TN
trate the algorithm’s performance by studying the smoothing : :ﬁg‘-‘
problem for sound waves in an air-filled pipe. f-u'f'f'
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1. Introduction Ry
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The purpose of this paper is to derive an algorithm for the linear least- i

~.
o

squares smoothed estimate of inputs or state variables in a dissipative hyper- =x*

e, %
.
s

bolic system described by a vector first-order partial differential equation with YN

[ LY

boundary and initial conditions [9] . Examples of such systems are those

0os4.
%

described by the telegrapher’s equation, the vibrating Timoshenko beam equa-

tion, and the wave equation. Our smoothing algorithm can be used, for exam-
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3 ple, to estimate the radiated sound from a vibrating object given observations at
B
A discrete points in space {3]. The systems we consider here have one spatial
3 dimension and are operating in temporal steady-state. The observations are
‘ - taken by NN, point sensors distributed non-uniformly across the system. We
g ' assume either (a)that the observation interval is long enough to reliably com-
pute the Fourier transform with respect to time, and to cause different fre-
E quency components to become uncorrelated with each other, or (b) that the
relevant random processes are periodic in time and are observed over an inter-
N val that is a multiple of this period.
i
-
To solve this smoothing problem we first Fourier transform the observa- -
I Y,
§ . v
N tions with respect to time. We then have a set of uncoupled spatial smoothing -f..'f.‘;'
ANy
g,
2 problems over space, indexed by the frequency variable ,in which the underly- Tj:'.-;:
g ing models are finite-dimensional well-posed acausal linear systems [4]-[5]. :
X
. The acausal linear system smoothing problems are solved by the method of
e complementary models [1],[12] after which one may use an inverse Fourier
a transform to recover the estimates as functions of space and time. The result-
#
:i ing algorithm is recursive with respect to the sensors, and thus offers a
o
»
3 significant decrease in complexity relative to other methods.
N
2' 2. Dissipative Hyperbolic Systems
‘
In many signal processing problems, one has measurements of the output
! of a system described by a wave-like (hyperbolic) partial differential equation.
: Physically, a dissipative hyperbolic (DH) system [9] is 2 model for a wave bear- v .";Z:i
N FOACs
\ £,
2 ing structure that has internal energy loss due to distributed or boundary :i:: N
« Ny
: N
. N
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&:T damping. Examples of such systems are vibrating strings, beams, transmission ?l;:
.’! . 'c

\J L
:.' lines, acoustical and electromagnetic waveguides, etc. We will consider DH >l
[ -

' systems with one spatial variable. AR
e aaty
. : A DH system is described by a vector first order-system of partial N
" )
:_, e differential equations e
) 2P0
LA RO

% a 9 woesd
» E;m(x’t) = A(z)E;m(x,t)+0(z)m(z,t)+e(x,t) ,z €[0,L],t>¢t (2.1) A0S
: 1
N with boundary conditions VN

Hom(0,t) = dy(8) , Hym(L,t) = do(t) (2.2) e

, . i

N and initial condition '_.\'.:
e e
5 A
m(z,t) = mo(z) (23) we

. P )
~ where m(z,t) is the n X1 state vector, ¢(z,t) is the input field, A(z) is a sym- :}";‘-
% b
‘_{: metric, continuously differentiable matrix with constant rank r, G(z) is a con- A%
: tinuous matrix, d,(¢) and do(t) are n/2X1 boundary inputs, and Hy and H ;?_..:
¥ : WY
% are matrices of bounded, linear, causal, shift-invariant operators. All quantities xi'-‘
v . . s
<, .

2 in Eqs. (2.1)-(2.3) are real. Note that according to the Bochner- e

' LN

R Chandrasekharan theorem (2], the -boundary operators Hy and H; are such E:”

\ ._1’_}'.
that their operation in the frequency domain is multiplicative; i.e., the following _I';’

transform relations hold: _,\..'

- ::.r\.'

y ) ) R

- Hom(0,t) <> Ho(sw)m(0,5w) NAYAY

C4 . . DgtSA S,
b Hym(L,t) <> H(jw)m(L,jw) YN
> . . . . B

] where Hy(jw) and Hy (sw) are complex valued n/2X n matrices. N

o, :\';"(

A OO

) A DH system will satisfy (9] %:

z &
.4 a o

) G(z)+G'(z) - ‘a—z-A(x) <0 forallz € [0,L] (2.4) e
N A
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m/(L,t)A(L)m(L,t) - m'(0,¢)A(0)m(0,t) < 0, for allt>t,  (2.5)

g )

58

when d, = d; = 0. These conditions ensure that when ¢ = d, = d, =0 , :\'-3
3 | P
2 (2, OF <0, for alle> ¢, (2.8) ey

where : 5';?‘35

L ®
Im(z,t)f = [ m'(z,t)m(z,t)dz p3asen
0

To see this, pre-multiply Eq (‘2.1) ( with € = 0) by m'(z,t) and add the tran- ]
*n

h)
-
o

spose of the result, to obtain N

P

XX
'\"v“‘l;‘ S
T
AN
by % %S

%m'(z,t)m(x,t) - ;—z(m'(z,t)A(z)m(z,t))m'(z,z)[G(z)+c'(z)

s
' -",' N

MRS A

7]
- EA(z)]m(z.t) :
It then follows that N

' LN
9 ¢ I [ 0 e
-éTllm(z,t)lF = { m!(z,t)(G(z)+G'(z)- %A(:zj-))m(x,t)dz

CXANE
e

e
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+m/(L,t)A(L)m(L,t)~m'(0,t)A(0)m(0,t) <O
An example of a DH system is the damped wave equation ." 558

Uy— c2uu+fyu, =€ b‘_-._'!‘d‘.

with boundary conditions (damped supports)
4,(0,8)- kou:(0,¢) = d,(¢) S'\::”

(L, t)+kug (L ,t) = do(t), koky >0 Sl
AN0D
and initial conditions $is3

4;(2,0) = ¢,(z) ,u4(z,0) = go(z) 2N
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E Setting
1
: my(z,t) = cu,(2z,t) , mo(z,t) = u,(z,t)
i one obtains

am] [0 c]lg [m, 0 |imi ], p

Bt|ma |~ |c 03z [ma[Tf0 -~ [[m. [1}
E [-’%/C 1][:;§8:3]= dy(¢)
N : L, :.::;“-
use 1][;';;&,3] — 4y()
: s
Y ; Ay
mg(z) = [;g;((, )) .

Note that

and when d; = d, =0
m'(L,t)Am(L,t)- m'(0,t)Am(0,t) = -2(kgm{(0,t)+k, mZ(L,t)) <O.
We will assume that the DH system is asymptotically stable. That is, if
m(z,t) is the solution of Eq (2.1) with ¢ = d; = dy = 0 then |m(z,t)| = 0 as
t — oo. If we had assumed that the inequality in Eq (2.4) was strict, then the

inequality in Eq (2.8) would be strict also, giving us asymptotic stability. How-

M eSS P s AN YS IR s s s T

ever, we want our results to apply to systems like the above example that 'do

not have a strict inequality in Eq (2.4), but still are asymptotically stable. One

should note that a system that has normal modes, i.e., non-decaying responses




b

]

I3

¥

x

Iy

-

»

-

T
. 0.

A
LA

!"*'

.

*

i 7
)

-6-

l:

S
to initial conditions, is not asymptotically stable. In practice, however, one .
always has dissipative elements in the system and these elements should be . PG

retained in the model to ensure a proper formulation. E&*"

Yet another stability assumption is required for the smoothing problem R,
when the A matrix is singular. In this case it is shown in Appendix A that each

-
-
member of the family of finite-dimensional systems comprised of those state g"’)’\

variables associated with the zero eigenvalues of A has poles with only nonposi-
tive real parts. In order for the results of this paper to apply, we must assume RO
that all of these poles in fact have negative real parts. Again, if the inequality :c_

‘ ' N

in Eq (2.4) is strict, then this assumption is automatically satisfied. Physically, R0,

S S R e ———

these state variables correspond to damping of the hyperbolic system. This sta- ':_-:‘-'-'
bility assumption can be shown to ensure that an acausal linear system g

- representation exists and is well-posed. The well-posedness of the acausal linear

1]
Py R
L

system then implies that the resulting smoother is well-posed. -

ey
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3. Problem Statement and Construction of the Acausal System

We wish to determine the linear least-squares smoothed estimates of the Dy
state m(z,t) and inputs €(z,t),d;(¢t),ds(t) of the DH system (2.1)-(2.3) given E:ﬁ::

(] R N
observations gt

S A A B TETY T P V. "R KN PSS P )

¥ (t) = Cm(zy,t)+w(2) 5'5:
at specific points z; along the system, where C is p X n and A

LN
te -T2, TR, k=12, - ,N, o

0<z,<2,< -+ <zy <L NN
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We assume that e(z,t),d,(t),d,(t) and observation noise w;(t) are zero mean

and wide-sense stationary in time, that ¢ty = - 0o and my(z) = 0. The signals

m(z,t) and y,(¢t) are then also wide-sense stationary . We also assume that

Ee(z,t)e'(z,8) = Q(z,t-5)6(z-2)
Ewi(t)w)'(s) = Ry(t- )6y
Ev(t)v'(s) = II,(¢-s) where v(t) = [d,(¢) d5/(¢)]'
Ee(z,t)w(s) = Ee(z,t)v'(s) = Ew(t)v'(s) =0

We will use a Fourier series expan‘sion (in time) of the signals y;(¢),
m(z,t),etc., over the interval [- T/2, T/2], and denote the Fourier coefficients
by % (jw),m(z,jw), etc., where w=27!/T;!=0,+1,£2, . These
coefficients can be computed using: '

T/2

w(iw) =3 [ w(t)e i td

-T2 .
Note that this integral can be evahiéted atQ = 2r I/T 1-15i‘ng discrete-time data
and an FFT if the signal is band-limited. The stationarity assumption implies
that the Fourier coefficients are uncorrelated at different frequencies provided
one of the following conditions holds [8] : (1) the covariances Q(z,7), R,(7),
IT,(7) are periodic in 7 with period T ; or (2) the observation interval T is long
and the covariances go to zero as 1 — co. We note that in many vibration a;ld

acoustical problems, the signals (and hence their covariances) are periodic. In

the following we will assume that one of these conditions holds, in which case

AT IO I T AT AN IR R ARy N S A A A T A AT e T B N T N T S Y

O

N

i'}
o

P AL YA
'.'l..l .l 'l' vt
‘e n e

A N T A

TR R v
DR ARt Bk ..

Yol

T
Rk

5]
SRR, &

\}‘

}

Y
s -"‘l:‘?

v

o
-“t' '/ ./I i
7 I

LI S
. e

o
o .
s

AL

.-\--“- -\.\\--\- .'-;.‘ .-‘

SN . \. IR ..._‘-,‘ N \ \-\- R SR \-_‘-\- - . ", LR N NS ' et _‘a_n *

.........



ITLT LA RS RS o A O MAC R

R tate e

R A & AT AT AN

g

the original two-dimensional (space-time) estimation problem can be replaced
by a family of independent one-dimensional (spatial) estimation problems. In
particular, for each fixed w, we must estimate m(z,jw),v(jw),e(z,w) given
% (Jw),k = 1,2, - - - N,, and then inverse transform the results to get the time
domain estimates. Moreover, as we shall now show, m(z,jw) is the state vec-

tor of a finite—~ dimensional acausal linear system.

The model for m(z,jw) is given by the Fourier expansion of Egs. (2.1)-

(2.3):
jom(z,50) = A(2)om(z,j0)+C(a)m(3,ju) +e(z,5w)  (31)
Vom(0,jw)+Vy m(L ,jw) = v(jw) (3.2)
¥ (Jw) = Cm(zy,jw)tw{jw) , £ = 1,2, - - - ,N, (3.3)
where
Ho(jw) 0
Vo= - V=] ---
0 Hp (jw)

Ee(z,jw)e’(2,jw) = Q(z,jw)é(z- z)

E v(jw)v’(jw) = I, (jw); Bwy(jw)w(jw) = Ry(jw)é

* = conjugate transpose , @Q(z,jw), I,(jw) R,(jw) are the Fourier
coefficients of Q(z,r),I1,(r), R,(r), which when T is large can be appréxi-
mated by dividing the spectral densities of ¢ ,v, and w; by T. We will assume

that R, (jw) is invertible.
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If A(z) is invertible for all z, we can write Eq (3.1) as NS
o
0 . . . . ALY,

2 m(z,j0) = A(z,j0)m(z,jw)+B(2)e(z,0) (3.4) -~

Lot
where aS%s
'-'\-'\f

I
A(z,jw) = A~ Y(z){jwI- G(=z)} RS

o

B(z) =-A"Y(z) :

Egs. (3.4),(3.2),(3.3) are a family of acausal linear systems indexed by w. Itis BN
shown in Appendix A that a similar acausal linear system representation can be
obtained even when A(z) is not invertible, provided the stability assumptions j:'.:_“:'.:',:
ERSA

’.l\.l"

discussed earlier hold.

We must consider the well-posedness of the acausal linear system descrip-
tion of the DH system. An acausal linear system is well-posed if there exist no

nonzero solutions to an undriven system.

Theorem: The acausal linear system of Egs (3.2)-(3.4) is well-posed for all w .

Proof: Suppose there exists an w, such that Eqs (3.2)-(3.4) are not well- oo
"

posed. There then exists m(z,jwg)5£0 satisfying v

,
]

e
(LN,

d . . ]
a—m(z,ywo) = A(z,jwg)m(z,jw,)

,,'/.f'."
RN

NA Gt

Vom(0,jwo)+Vy m(L,jwo) =0

.t
B

or, equivalently,

XA RN
[\ [} .
PR

Jwom(z,jwg) = A(:z:)—?—m(z,jwo)+G(x)m(:r,jwo)
oz
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H o(jwo)m(0,jwg) = Hy (jwo)m(L,jwg) = 0

3 8
; It is easily checked that if ¥(z,t) = e"“°tm(z,jwo), then ¥(z,t) satisfies Egs
' ';-* N
2 (2.1) - (2.2) with zero inputs: PR
5 A Yt
- 'b"'."\
« 3 9 ‘.:\ﬁ\
) Ft-\ll(a:,t) =A(z)E‘IJ(x,t)+G'(x)\Il(z,t) NN
S
‘ '. - -
v Ho¥(0,t) =H ¥(L,t) =0 PN
, ALV
D - R,
: Since |¥(z,t)| does not go to zero as t—oo, we have a contradiction of the '
- asymptotic stability assumption.
&
¥ 4. Smoothing the Acausal Linear System
W) In this section we show how to solve the smoothing problem for our
N acausal linear system. Although this paper concentrates on DH systems, many
“
) parabolic type equations can also be written in an acausal linear system form.
' The smoother is derived by means of complementary models, introduced by
N Weinert and Desai [12], and extended by Adams , Willsky and Levy [1]. The
- derivation differs significantly from that in [1] due to the possible singularity of
<
4 @ and [T, , and the fact that the observations are discrete. In what follows, the
w dependence in Egs. (3.2)-(3.4) will be suppressed.
N A solution to Egs. (3.2),(3.4) is
N
: L
m(z) = &(z,0)F 'v+[ G(z,2)B(2)e(z)dz (4.1a)
. 0
2
4 where the state transition matrix $ satisfies
:
3 i<I>(:z:,z) = A(z)®(z,2), P(2,2) =1 (4.1b)
~ 81:
N
hd ‘\
‘ ~
- AN
) et e e e e e e N T e e T
e e L T T e e A T U
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& _ and the Green function is given by :-;.':Z-{';
r Al
IX o’
T, pAC A
| . 2(.0F Vo2(0,1) i s<s .
e (2:2) =1 _4(z,00F- 1V, 8(L,z) if 2>2 (4.1¢) ]
\ :::.-"\r
and the matrix F satisfies >
. Fad
\ F=V,+V,®(L,0) (4.1d)
- b
s The well-posedness of the foregoing acausal linear system guarantees the inver- -
; R
; tibility of F [4]-[5]. S
¥ v ]
e If rank I1, = ¢, we can write a full rank factorization of IT,, as -%‘;.
* iy
.. I, = MM A
B~ " )
N where M is nX ¢,; in other words, }E'.:
A g
‘e v =M, Bun’ =1,
- -
< Similarly, if rank Q(z) = ¢,, We can write h § ;
A Q(z) = 5(2)S*(z)
_ where S(z) is n X go; thus T
<, So LY

.'";%}"
p
A ,'l;.'a. !

e(x) = S(2)p(z) , En(z)p*(z) = I,,8(a-2)

L3
P

. ¢ l.
i s
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Using Eq (4.1a), we can write Eq (3.3) as

¥ ': ‘
: 3
: L :"\‘:
N y; = C<I>(zj,0)F'lMu+f CG{(. ~2z)B(z2)S(2)p(2)dz+w; (4.2) }:5: y
A 0 A
e
"_;f Eq (4.2) relates the observations to the underlying variables u,p(-),{wj}, which ':;f;
s RSN
- together span a Hilbert space H. If Y is the Hilbert space spanned by the I;ﬁ,::;
[\ . :
Fa. B
R observations {y;}, then it is shown in Appendix B that y.(-) and § defined S
2 Dole
‘.;§ PN
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below span the orthogonal complement Y SN
v.(z) = p(z)-5*(z)B*(z)\(z) (4.32) EN

0 = pu-M"{F'yY\0)-&*(L,0)\(L)) (4.3b) &g
where &&‘

N,
Mz) = ¥ G*(z,2)C'R, 1wy (4.4) ‘p'.:f;p‘
k=i

., ”
I ‘.‘. -’-‘-'v o o

Ty

IR
v

Now Eq. (4.4) implies - IR

A

7‘1—)\(3) =-A*(z)\(z) ; z5%z; (4.5a) ;ﬁt""

X(tj—) = X(xj+)+0‘Rw-le ’ J =1,2, - ,N, (4.5b)
In order to make Egs. (4.5) equivalent to Eq. (4.4) a boundary condition of the

vy MR
4

SN
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AN

| LA

Y

P W e 4

following form is needed:

o.'c'
L ]

.
N
]
l‘

-

’

2,
5y
IS".'A T

L4
s

K\ (0)+K N(L) =0 (4.5¢)
N where Ky and K; are nXn matrices . Eqs. (4.1¢) and (4.4) imply that Eq.
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.,:.,’ y
Lol

s,

P 3
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e
Ay

4
CAS
« f‘.&ﬁ

(4.5¢) holds if
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i

PRl
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L s
L
b
VoL .
L] .

‘f_fl

ree
&‘.Al‘

A4 M AAL

» Koy - KLV, =0. (4.8)
v Furthermore, if Io®°(L,0)+K, is invertible, then Egs. (4.5) will be well-
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K, =I-V/{F'F18*(L,0)
then both the invertibility condition and Eq (4.6) will be satisfied. With this

choice of K, and K, the acausal linear system (4.3), (4.5) is complementary
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. to (3.2)-(3.4).

Solving Eq. (4.3a) for p(z) and substituting into Eq. (3.4) gives

%M(z) = A(2)m(2)+B(2)S(z)(8"(z)B*(z)Mz)+v.(2))  (4.7)

- Likewise, solving Eq. (3.3) for w; and substituting into Eq. (4.5b) gives
Mz;-) = N=z;+)+C R, Y(3;- Cm(z;)) (4.8)
Multiplying Eq. (4.3b) by M ‘a’nd re-arranging, we get
v = MO+, {F*'}y {(\(0)- & “(L,0)\(L)) (4.9)

Combining Egs. (3.2),(4.5),(4.7)-(4.9) gives the Hamiltonian system
A BQB'Irn(
=B&]- [o -4t ][T((z)) [hte) otny (00
Mz;-) = Nzj+)- C*R,~'Cm(z;)+C R, 'y; (4.10b)

-, {FF! TLFFe(L,0]. .
[7"(1)0]= ‘;0 HI{: [7;}((8))]"' ‘;L e K:) bo [r)r\z(ll:))] (4.10¢)

By projecting the random quantities in the Hamiltonian onto the subspace Y

spanned by the observations, we obtain the estimate Hamiltonian:

’ A BQB* [
; {;[X((:))]: E)‘ -4 [?((:))]v zH#z; (4.11a)
' Mzj-) = Mz+)- C°R, 'O (2;)+C Ry 1y (4.11b)

Vo -, {F'¥I. v, M {F'yYe*(L,0)|.
0= [m(O)P ! . [ (L
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where “denotes projection onto Y. To obtain é(z) and 4, project onto Y in Eq. PP AN

(4.32) (after multiplying by S), and in Eq. (4.9): :.s.‘.-.:a

é(z) = Q(z)B"(2)X(=) (4.122) A
9 =TI0,{F'FY(X(0)-&*(L,0)\(L)) (4.12b) RO

To prove that Egs (4.11) are well-posed, assume that y; = 0 for all j. Now N
', (z) is the linear-least squares estimate of m(z) based on observations that g&‘ﬁ
are all zero, so M(z) = Em(z) = 0, the last equality following from the well- }-'I'a'}‘.
posedness of Egs. (3.2)-(3.4). Moreover, since \(z) satisfies the unforced ver- P

sion of Egs. (4.5), which are well-posed, A(z) = O for all z , and hence Egs. bt
EJ

bt

(4.11) are well-posed.

v

5. Recursive Solution to the Estimate Hamiltonian
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d .

- 'de?“ = 0,A+A"0,-0,BQB"8, sz,
with any positive-definite boundary values 6,(0) and 6,(L). The new variables

¥, and ¥, satisfy
d [Ur(z)]_ [ O v, (=
‘d;[d(z)]= [o Ab][wfgz))]”?"‘f (512

(VP v [gfgg;}f[vf V) [g:gf;]=o (5.1b)

where
A(z) =-(A*(2)+0,(z)B(z)Q(z)B"(z))
Ay(z) = -(A%(2)-0,(z)B(z)Q(z)B*(z))
o o Vo+I,{F'}16,(0) Vo-TI,{F*}y'4,(0) P(O) ©
VP Vol =1 _K,(0) Kof,(0) [q P(O)]

L Ly —
(Vi V5l = ~K,8,(L) K 0,(L)

We must now specify the evolution of U, Wy,0,,0, at
z=2z;,)=1, - ,N,. If we choose

b7(z;+) =0,(z;~)+C'R,IC

0,(.1:]'—) = 06(2j+)+C'Rw' lC

then one can show that
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Vi(zj+) = \Ilf(zj—)+C‘Rw'1yJ- (5.2a)
V(2 ) = ¥, (z;4)+C R, 1y, (5.2b)

Egs (5.1)-(5.2) are in a form that can be solved recursively. In terms of

¥ ;(0) and ¥, (L) , asolution to Egs. (5.1)-(5.2) is

Y (z) = @, (2,00%,(0)+¥ X(z) (5.3a)
Vy(z) = ®4,(z,L)¥,(L)+¥(z) (5.3b)
where
L3,,(2,0) = A;(2)8,,(2,0) ; 9,4,(0,0) =1

L4 (2,L) = 44(2)04,(2,L) ; By (L,L) =1
%\It?(z) = 4,(z)¥X(z) , 254z (5.42)
7“;\113(:) = 4,(2)¥ () , 254z, (5.4b)
vA0)=¥YL)=0 (5.4¢)
U (z;4) =¥ (2~ )+C'R,"My;, j =1, - ,N, (5.4d)
Y (z-) =¥ (z;4)+C°R,"'y;, 7 =1, ,N, (5.4e)

Setting z = L in Eq. (5.32) and z = 0 in Eq. (5.3b), and using Eq. (5.1b) we

obtain

[\f ,’((2))]= - FRHVFY L)+ V¥ §(0)}
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where

Fp = [V,"+V}-<I>AI(L,0) : V{‘+Vb°‘1’A.(0,L)]

A recursive solution to Eqs (5.1)-(5.2) is therefore given by:

¥.,.(z q’A(z:O) 0
[Wf§z§]= - Yo ey (a0 [FRHOFEILILVOR0)

¥ (=)
/
+ 5.5
[w ?(z)] : 9
in conjunction with Egs. (5.4).
We now show that Fp is invertible. When y; =0, 5=1,---,N,, any

solution to Egs (5.1)-(5.2) will satisfy

Vy(z) = 2,4,(2,0)8,

Vy(z) = &,4(2,L)8,
where

g

If Fp were not invertible, we could"‘generate non-zero solutions to Egs. (5.1)-
(5.2) and hence to Eqs (4.11) (via T-!(z)) with y; =0, contradicting the

well-posedness of Eqs (4.11).

8. Smoothing Error Covariance

We wish to calculate the time domain error covariance

P.(z,t) = E[ri(z,t)m'(z,t)]

where i@ = m-— . Using Fourier transforms, one can show that
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q Pp(z,t) = Py(z,0) = Y, Pu(z,52n1/T) ::*\
t | =-00 -‘.E\
N where E“ 2
i , ey
P,(z,jw) = E[m(z,jw)m (z,jw)] . A
q ::""\
8 g
s A dynamical equation governing ri(z,jw) is obtained by projecting the Hamil- r "
E tonian system (4.10) onto Y4, and using the definitions of y, and §: ':';:'_’;
% ::::'_':\
N d |m(z) 4 BQB® a(z) | [B :";E:;E
) 6 [m(z) | _ m(z € . Joad
':, dz L)‘(z)] : [0 _At L)\(z) [0 ]’ z#zj (6-13)
i '-:‘Ti";,.
:E: X \ * ~ * :‘{
= -X(zj~) =-X\(z;+#)- C'R,~'Ci(z;)- C'R,~ 'w; (6.1b) .
_ -1 —1g7" f.".‘_i:'_
B] — Vo Hv{F } rﬁ‘(O) vV, N{F¥'e°(L,0) ';i‘(L ) (8.1¢) :::::
< 0 K, - \(0) 0 K -\(L) M :::-.:’_:.
1 #E
» Here again the w dependence has been suppressed. Note that these equations 'i\
L) * ‘
W are similar to Eqgs. (4.11) and can therefore be solved using the same diagonal- : A V
: ‘ ity
izing change of variables. Thus, if 5 “'ﬂ
% ¢r(z) m(z) f‘.’,“
: [%(3)]: T(I)[—X(z)] R
: e
h- then ; A
z e/(z) _ ef(z)
:.: [cf(z) ] = d’fb(z)pfbl[v— VILCJQ(L )_ Vboebo(o)]'*'[e:;J(Z)
% where
'F
- 7;.efo(::;) = Ay (z)ef(z)+0;(z)B(z)e(2) , z72; f’:.:,"
o RN
N AN
A
Y d 0 0
o oz) =4(2)e (z)+8,(z)B(z)e(z) , z73;
%
Cd
L4
4
4
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ef(0) = e2(L) =0
0
ef(zi+) = ef(z;-)- C'R, i, j=1,--. ,N,

0
& (2~) = e(z;+)- C'R, Mwj, j=1,-.. »N,

@A,(x,O) 0

®p5(z) = 0 D4,(z,L)

e/ ( ) , z) ©
6(z) =E[ei(:;}‘f(z)cb(z)] = [Z;:Ez; e;:g))]

Pn(z,jw) = P(-"')(911(3)'*'922(3)'*‘612(3)'*‘921(9’)]}’(-"7)

With the following definitions:

/() = Elefla)f ()
i(s) = E[efl(z)ef"(2))

Ry(z,y) = E[c,o(z)e,,o'(y)]

©(z) can be written as

o(z) = ®p(2)Ff? @,+V}H,(L)Vf‘+VfR,,,(L,o) VP +VOII, (0) V' +

VPRA (L ,0) Vf’}’"ﬁ)”‘bﬁ(z)- (@) J(2)-T"(2)(Fp) 19 (2)+

where

(z) o
0 I'Ib(x)]
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K(z) = VF[ou (L)1, (2)Rp(L,2) f Ve [RA(2.0) ML (2)84,(02) |

By direct evaluation, one can obtain the following formulas for R , II, , Il;:

Rpy(z,y) =~ [ 9,4,(2,0)0;(0)B(0)Q(0)B"(c)0;(0)® 4,(v,0)do, 22y
y

d
—Enf(z) =A/Hf(2‘) +H/(I)A;+ GIBQB'W,, z;-‘-zj

p .
'd_znb(x) = A4,11,(z) + II,(z)A, - 6,BQB’Y, , z5z;
m,(0) =1I,(L,) =0
HI(ZJ+) =H/(zj—)+C'R,,,'lC ’ ] =1, " ,N,

S e Ty 4 BV OB SN TSyoe R RBOFSSSER TR T T T

I, (z-) =M,(z;4)+C'R,"IC , j =1, - - ,N,

7. Separable Boundary Conditions '

In this section, we show that if the boundary inputs d,(t) and dy(¢) of the
DH system. are uncorrelated, and if the resulting block diagonal II, is inverti-
ble, the smoother and error covariance formulas simplify considerably. Under
these conditions, V4II;!V, =0, in which case the acausal linear system has
separable boundary conditions. To examine the filter and smoothing error
covariance for separable boundary conditions, premultiply Eq. (4.11¢) by

Veli;l -&°(L,0)
V! I

Voll; 1V, =1 ‘(o) 0 olfacz)
o o (%o [flvym;ty, 1|5y [T°

giving
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If we choose
8,(0) = VgII71V,, 0,(L) = ViII; 1V,
then the change of variables using T(z) produces the boundary conditions

so that ¥, = \Il? and ¥, = ¥ . Therefore

m(z) = P(z)¥ }(z)+P(z)¥ {(2)

Mz) = 0,(z)P(z)¥ {(z)-8,(z)P(z)¥ }(z)

: Furthermore, by proceeding in the same fashion with Eq. (6.1c), we get e

N
‘ c,(O) = VSH;LU y (L) = VlH;lv g
so that

[ACAC A
e Yy
/ﬁ"l!l'

SN
v

er(z) = ®,4,(2,0) VoIl; lv+ef(z)
ey(z) = QA.(:;:,L)V[H;10+eb°(z)

DY Y A v N
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S,

It follows that
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©1(z) = Oy(z) =0

s “EENCeTETS s $TF FWERE ... . . ¢ s

P20

©11(z) = @,,(2,0)0,(0)® 4 (2,0)+11,(z) = 8,(z)
©99(2) = & 4,(2,L)0,(L)®4,(2,L)+T,(z) = 8,(z)
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Therefore, P,(z,jw) = P(z).
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8. Algorithm Complexity
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We will examine the computational complexity of the algorithm presented

In,ll-

in Section 5. For computational purposes, we assume that the interval [0,L] is

partitioned into X regions , and that an FFT with Q frequencies is used. Table
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E 1 gives the complexities of the major steps necessary to compute the estimate ::::E
L% Y

) . o

; () . NI,

} TABLE 1 Complexity of the Smoothing Algorithm :ﬁ.::,’,'.

. [N
o

. Step Complexity ::-:'
[ &8 B8

i Fourier transform the | O(Q N,plogQ) .

g observations NS

’ e

) Compute 8,,0,,¥,,¥, 0( [Xn3+N,np+N,n?]) j-:ﬁ}-

; Compute 7z, w) 0(0 Xn?) =l

" Inverse transform | O(Q nXlogQ) b

l m(z,jw) —

’ .".\‘-

R As can be seen from Table 1, the overall complexity of the algorithm is :‘,;::}.:-

; R

5 O(9 [X(n3+nlogQ )+N,(np+n3+plog )]) RN

= For comparison, if a Wiener smoother is used it ,

- | ’-.*i:;%

: a - . _ . . O

: m(z’t) = ? {Sm}’(x’]w)s}’}}(]w) Y(Jw)} :\:‘

s where . =t

2 7

. . . AT

7 Y(jw) = [yf(5w), - - - ,9i, (5w)] T R

% Spny(z,jw) is the cross-spectral density between m(r,jw) and Y(jw), and :f;:‘_:

b T

' Syy(jw) is the spectral density of Y(jw); then the complexity of the recon- _'._'-:._-'

= R

. -.‘.‘\

- struction is NS

L N

: O(Q [N, p(nX+N,p>+logfl ) +nXlogQ |) ;
SN

Ej An example using this type of approach can be found in [11]. We see that the ::-;.::: j

R} 2y

é algorithm presented in this paper is most advantageous when the number of :.:-":
N

) sensors are large (linear in N, versus cubic in V). ‘7
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9. Example: Sound Waves in an Air Filled Pipe

As an example of the use of our algorithm, we consider the problem of
estimating the particle velocity and sound pressure levels inside an air filled
pipe with rigid walls, given observations of sound pressure levels at discrete
points along the pipe. We are interested in estimating the velocities and pres-
sures in the section of the pipe from z = 0 to £ = 3 meters, and we assume
that forward traveling waves enter from the z = 0 boundary, and backward
traveling waves enter from tﬁe z = 3 boundary. The particle displacement ¥ is

assumed to satisfy

Yu(z,t) = ¥, (z,t)+e(z,t) , z € (0,3)
¥(0,t)- ¢, (0,t) = d,(2)

Di(3,0)+c,(3,8) = dof2)

where ¢ is 332 meters/second , ¢ is a noise term accounting for yielding of the
pipe walls, and d, and d, are waves entering the pipe section. The observations

are

yj(t) =—p°c2¢z(xj,t)+wj(t) ,j=1,---, N,

where pg is the density of air (1.20 kilogram/meter ), and w;(¢) is observation

noise. In DH form this system becomes
3 (mi(z,t) | [0 ¢|a [my(=,2) 0 ]
8t |ma(z,t) | e 0[3g |mo(z,t) [ [e(z,¢)

- 11 [Z;§8;§§]= 40, (11] [Z;E§j§§]= (1)
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y](t) = [" .0060] [::;g:;:ﬁ; wj( t) ] =1, - ’Jva

where

ml(z’t) = c"pz(x’t)

mo(z,t) = ¥y(z,¢)

We make the following statistical assum ptions

R;(jw) = 10~% pascals®

10
I,(jw) = 1078 [0 I] meters® [seconds®

Q(jw) =102 [g (;jl meters® [seconds*
for w = 2rl radians [second;l = +1,+2, - - - ,+£500. Figures 1 and 2 show
the smoothing error covariance for the sound pressure an‘d particle velocity
respectively, as a function of the number of sensors (V,) uniformly distributed
along the pipe. Figures 3 and 4 show the smoothing error covariances as a
function of frequency for a pipe with 5 sensors. In these figures, the x-axis is
frequency (from O to 1000 7 radians /second) and the y-axis is length along the
pipe from 0 to 3 meters. One can see the effects of spatially sampling the sound
field. In Figure 4, the error covariance maximum occurs at w = 6647 radians

/second. Since the spatial sampling frequency for 5 sensors is 47 radians /

. . w
meter the error covariance maximum occurs when the wavenumber & = — of
¢

the sound waves matches the Nyquist sampling frequency. Figure 5 shows the

actual and reconstructed time waveforms for the sound pressure level, using 8
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sensors. The actual and reconstructed pressure field as a function of space at

the frequency w = 5007 radians /second appears in Figure 6. Figure 7 displays
the actual and reconstructed particle velocity as a function of space at the same

frequency.

10. Concluding Remarks

The input estimates can be interpreted as the result of a generalized Born
inversion procedure. For ihstance, in the case of the 1D wave equation,
€(z,jw) will be the Born approximation to the wave speed variations in an
inverse scattering experiment [7]. In such problems, one may update the wave
speed function in an iterative fashion. The approach used in this paper to
derive the smoothing algorithms is based on using a frequency domain two
point boundary value problem to describe the system’s dynamics. A related
approach to characterizing a vibrating system’s dynamics is given in [6], where
variations in the system’s parameters are assumed to occur at discrete points
along it's length, giving rise to a constant diagonal A matrix . This type of
model can be handled using the algorithms developed in this paper. In both of
these approaches, one can interpret the boundary conditions at the endpoints of
the system as describing the reflection and transmission coefficients of the
hyperbolic system. In the DH case, the reflection and transmission coeflicients
arise in a natural way when the A matrix is diagonal. Note that for many dissi-
pative systems, there does not exist a discrete set of spatial eigenfunctions, .so
that a modal expansion of the dynamics and observations, a technique used

quite often in distributed parameter filtering and control, is not in general appli-
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N cable to the systems discussed in this paper. The frequency domain description
‘. of hyperbolic systems with 2 and 3 spatial dimensions involves distributed
\)
parameter acausal linear systems. Efficient smoothing algorithms for the 2-D
N wave equation, for example, can be developed in this way [10].
]
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j To study the case when A(z) is not invertible, we put Eqs (2.1)-(2.3) into ﬁi

> | A ToF
v a canonical form which separates the distributed parameter states from the so- f‘:%

) : ‘ ! ':'a.
called local states. The local state variables typically correspond to damping T;,

” . — ) 4

Lo ‘ ' N

i: forces acting on the distributed parameter system. These damping forces may gf’:-‘]

‘. . . . R
. be due to external inputs, corresponding to an active control system, or the N

NN
- forces may be passive, such as structural damping in a beam. Phillips [9] ::i:'
'.: .\~ .\‘:
o proves the existence of a family of orthogonal matrices {U(z) ; 0<z <L} with o
absolutely continuous elements having square integrable derivatives such that 'Z!‘
P x5
7 0 0 o
- ! — )
% Ul(2)A(2)U(2) = lg 4 ,0(2) o
2 R
' where A yy(z) is positive definite and r by r. Phillips gives an explicit algorithm ik
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for calculating U(2). With the change of variables
y(z,t) = U'(z)m(z,t)

Eqgs. (2.1)-(2.3) become

0 ]
%y(z") - {‘; Ago(z) @a;y(z,tH{U’A U,+U'GU}y(z,t)+U'(z)e(z,t)

HoU(0)y(0,8) = dy(¢) , H U(L)y(L,t) = dy2)

¥(z,tp) = U'(z)mq(2)

The stability assumptions are unchanged, because

] Y 3
] ! [ ¥al] ] _ = [J! . <
UAU,+U AU+U'G'U+U'GU _BIE Agz(z)]— U(G+G 6zA)U 0
[} 0 0 | 1
¥'(L,t) |y Ago(L) (L,t) = m'(L,t)A(L)m(L,t)

v’(0,t) [?).AQS(O) ]:/(O,t) = m'(0,t)A(0)m(0,¢)

We therefore assume that Eqs (2.1)-(2.3) have the following canonical form
o fm(z)]_P 0 o [m(z.)] [Cu Crellmy(s,)
Bt Ima(z,t) |~ [0 Age(z) {37 [ma(2,8) [ |Go1 Gao |[ma(2)¢)

oz (A

% Hoz][2;28323]= TON A% HLQ][Z;EIL, jf§]= 4 (A2)
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AL
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K —d

i' mo(z) =0 : "..',;;

g o=

o, . . ', '4

_~. Fourier expanding Eqs (A.1),(A.2) atw =27 {/T, | =0,+1, - - -, we get o

I 0 1o [myz.w)]_ fl-Cu =G Jfmy(z,iw)

::::, Azt_)(z) dz mg(z,].W) - —G21 j(UI— 622 m2(z,jW)

i‘\‘l

N ")

]

g ' (z,w)
- [:;(:jw)] (A.32)

e ;f;:
y O
‘u [ ":":‘
! N . [m1(0,5w) . e
}. [Hol(lw) :-H go( jw) ] m2(0:jw) ] = d,(jw) (A.3b)

S ) A
XA T
) my(L,j v

. : (L) . R
% [H2ai0)  Bpgli) [0 ey | = daliw) (A3¢) .«:-:i
wie 2 J ey
N L R

, The stabil i w il
™ e stability assumption (2.4) implies that :j:ﬁ

e T

I . -
/" B
N ' The first row of Eq (A.3a) gives t,,",'.:4
.. oy
~ e
" (JwI- Gy)my(z,jw) = Gomy(z,jw)+e (2, jw) (A.5) AV
A - NN

. : , o . T q
’ From Eq (A.4) we see that the eigenvalues of G;, have negative or zero real 2:-‘:

X ! AVEN
ot ENRY

.), parts. The stability assumptions that were discussed in Section 2 eliminate the ~}i:'.

3 ot

e

Ly possibility that these eigenvalues are on the imaginary axis. Solving Eq. (A.5) ;'
:E, for m,(z,jw) and substituting into Egs. (A.3) gives 'é: _.:
7 ¢
oo [ . —1f - . - . @
N 3 Me(z,jw) = AR [jwI- Gog= Goy(jwI- G1y) G o] mo(z, jw) . .'2‘.
15 ’ -1 ; -1 ':’T
3 - Ay (Gy(JjwlI- Gy ) tey+ey) (A.8) RO
4 R
3R
WY . - . . A

! [Hoi(jwI~ G11(0))™ G 15(0)+H go] my(0,5w) = d;(jw) (A.7a) T
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[Hop(jwI- G1y(L)) G o(L)+H gl mo(L ,jw) = dy(jw)  (A.7D)

In deriving Eqs. (A.7) we have assumed that €(0,jw) = ¢(L,jw) = 0. These

equations are now in the form of Eqs (3.2),(3.4).

Appendix B

In this appendix we will show that y,(-) and 8 defined in Eqs (4.3) span Y+
, the subspace of random va;iables orthogonal to Y, so that YOY* is a direct
sum decomposition of H ,' the underlying Hilbert space generated by
{p,r(z),0<2<L ,w;,j=1, - N,}. We introduce 7; and z; defined by

’71 == R,;l/sz ’ Zj = Rw-l/2y1

so Eq. (4.2) can be rewritten in an obvious operator notation as

z = Fu+Gp+n (B.1)

where .

- TTEL

}‘(‘q‘
A
A

t/
54

Y

(A

z=[2/2 - 2x/|' n=[n/n - a1

If ¢« € H, its projection onto Y is denoted d and its projection onto Ytis 4.

e P
Y

Decomposing (4 , ¢ , 1) gives

”=ﬁ+ﬂ’9=ﬁ+ﬁ9ﬂ=ﬁ+ﬁ

where
=R z2,5=G'i,hi=F"% ' (B.2)
R, = [FF’'+GG’+I|
Therefore,
p = p-G’'n+G"j , i = p~F’n+F’j
If we define

ye =p-G'n,0 = p-F'y
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2 then
%
\
B> y. = p- G'fi = (I+G"G)i+G"Fii (B.3a)
. § = i-F'5j = F'Gi+(I+F'F)i (B.3b)
\
Y where we have used the fact ( see Eq. (B.1) )
i
s 0 = Fi+Gj+ij (B.4)
o It is clear from Egs. (B.3) - (B.4) that (y, , §) uniquely determine (4,5 , %)
K
3 thus (v, ¥, , 9) uniquely determine (s ,p,n). Note also that Eq. (B.3)
~* implies y, € Y+ and § € YL To verify Egs. (4.3)-(4.4) one need only evaluate
~ F* and G". N
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